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Latency-Rate Servers: A General Model for
Analysis of Traffic Scheduling Algorithms
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Abstract—In this paper, we develop a general model, called scheduling algorithms will be a valuable tool in the design
Latency-Rate server{LR servers), for the analysis of traffic and analysis of such networks. In this paper, we develop such
scheduling algorithms in broadband packet networks. The be- a model for studying the worst-case behavior of individual

havior of an LR server is determined by two parameters—the - . .
latency and the allocated rate. Several well-known scheduling S€SSIONsina network of schedulers where the schedulers in the

algorithms, such as Weighted Fair Queueing, VirtualClock, Self- Nnetwork may employ a broad range of scheduling algorithms.
Clocked Fair Queueing, Weighted Round Robin, and Deficit This approach enables us to calculate tight bounds on the end-
Round Robin, belong to the class ofLR servers. We derive tg-end delay of individual sessions and the buffer sizes needed
tight upper bounds on the end-to-end delay, internal burstiness, to support them in an arbitrary network of schedulers.

and buffer requirements of individual sessions in an arbitrary basi h . f defini el f
network of LR servers in terms of the latencies of the individual ~ OUr basic approach consists of defining a general class o

schedulers in the network, when the session traffic is shaped by Schedulers, calleatency-Rateervers, or simply.’R servers.
a token bucket. The theory of LR servers enables computation The theory of LR servers provides a means to describe the

o rogmneous et her nhadon vy WOSkea5e behavior of  boad range of schedulng algorifms
support different gscheduling archit’ectures and under differenty in a simple and elegant. manner. Thls theory_ IS bas.ed on
traffic models. the concept of ausy periodof a session, a period of time

during which the average arrival rate of the session remains
at or above its reserved rape. For a scheduling algorithm to
belong to theLR class, it is only required that thaeverage
rate of service offered by the scheduler to a busy session,
I. INTRODUCTION over every interval starting at tim® from the beginning

ROVIDING quality of service (QoS) guarantees in #f the busy period, is at least equal to its reserved rate.
packet network requires the use of traffic schedulinjhe parameter© is called thelatency of the scheduler.
algorithms in the switches (or routers). The function of All the work-conserving schedulers that provide bandwidth
scheduling algorithm is to select, for each outgoing link of thguarentees, including Weighed Fair Queueing (also known
switch, the packet to be transmitted next from the availabks Packet-level Generalized Processor Sharing, or PGPS),

packets belonging to the sessions sharing the output link. VirtualClock, SCFQ, Weighted Round Robin, and Deficit
FIFO scheduling, perhaps the simplest to implement, doBeund Robin, exhibit this property and can therefore be
not provide any isolation between individual sessions whidhodeled asCR servers.
is necessary to achieve deterministic bandwidth guaranteesThe behavior of anCR scheduler is determined by two
Several service disciplines are known in the literature f@arameters—théatencyand theallocated rate The latency
bandwidth allocation and transmission scheduling in outpuf an LR server may be seen as the worst-case delay seen by
buffered switches [4], [8], [10], [11], [15], [16], [18], [20], the first packet of the busy period of a session. The latency of
[23], [24], [28]. Many of these algorithms are also capable @ particular scheduling algorithm may depend on its internal
providing deterministic delay guarantees when the burstingg&rameters, its transmission rate on the outgoing link, and
of the session traffic is bounded (for example, shaped bythe allocated rates of various sessions. However, we show
token bucket). that the maximum end-to-end delay experienced by a packet
Since future networks are unlikely to be homogeneous in a network of schedulers can be calculated from only the
the type of scheduling algorithms employed by the individatencies of the individual schedulers on the path of the session,
ual switches (routers), a general model for the analysis afid the traffic parameters of the session that generated the
M ot received November 20. 1995: revised July 11. 1996: packet. Since the maximum delay in a scheduler increases
et receed Noverber 20, 1995 evised Juy 11, 1996 %0 efkectly i proporton to ts latency, the model brings out the
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The rest of this paper is organized as follows. In Section

Il, we define the class of LR) servers and analyze the _]—/
worst-case service offered by a network &R servers to a Session i Arrivals -7
i . i ession i Arrivals < p
given session. We show that the worst-case offered service A, \ -7 0
// —_——
//

is independent of the input traffic characterization and only
depends on the allocated rate and the internal parameters of -
the scheduler. In Section Ill, we derive upper bounds on the 7
end-to-end delays, buffer requirements, and traffic burstiness i
of individual sessions in an arbitrary-topology network4R
. . t

servers when the session traffic is shaped by schemes such as
a token bucket or a dual leaky bL.jCket' In .SeCtlon IV, we prO\{:(?g. 1. Intervals(ti,t2] and (¢3,t4] are two different busy periods of
that several well-known scheduling algorithms, such as Virtdzssion;.
alClock, Packet-level Generalized Processor Sharing (PGPS),
Self-Clocked Fair_ Queueing (SC.FQ)’ Weighted Round RObinThe session busy period is defined only in terms of the
(WRR), and Deficit Round R.Obm (D.RR) al _belong to thearrival function and the allocated rate, as illustrated in Fig. 1.
class of LR servers and derive their latencies. In Sectio is important to realize the basic distinction between a
V, we derive a slightly improved upper bound on end-to—er;g . . . .

. ) . ion ki ri n ion riod. Th
delay in a network ofZR servers by bounding the service o ession backlogged period and a session busy period ©

: . latter is defined with respect to a hypothetical system where a
the last server on the path more tightly. A comparison of t{‘i b yp y

tz ty t

. 4
time

. ) X . acklogged sessiaris serviced at a constant rgig while the
ﬁ.R model W'th other approaches IS prese_nted n Se_ctloq yrmer is based on the actual system where the instantaneous
Finally, Section VII contains some conclusions and dwecﬂor&rvice can vary according to the state of the system. Thus
for future work. y y ) '

a busy period may contain intervals during which the actual
backlog of sessiontraffic in the system is zero and the session

II. LR SERVERS is not receiving service.
Note that, when the same traffic distribution is applied
A. Definitions and Notations to two different schedulers with identical reservations, the

resulting backlogged periods can be quite different. This makes
share a common output link. We denote with the rate it difficult to use the session-backlogged period for analyzing

allocated to sessioh Servers are noncut-through devices. Lét broad range of schedulers. The session busy period, on _the

A;(r,t) denote the arrivals from sessiérduring the interval other hand, depends only on the arrival pattern of the session

(r t]vand Wi(r,t) the amount of service received by sessioﬁnd its allocated rate and can therefore be used as an invariant
) T )

i during the same interval. In a system based on the fldf?ithe analysis of different schedulers. This is the fundamental
model, both 4;(,#) and W;(r #) are continuous functions reason why the following definition of a’R server is based

of . However, in the packet-by-packet model, we assume els! the service received by a session over a busy period. Since

A;(7,t) increases only when the last bit of a packet is receivelf @€ mteresteq Ina Wprst-case analy5|_s of the system, the
by the server; likewisa¥;(r, ¢) is increased only when the lastS€Ssion busy period provides us a convenient means to bound

bit of the packet in service leaves the server. Thus, the ﬂLHExe delay within the system.

model may be viewed as a special case of the packet-by-pa(;ket c c?n now c:]efmetthg ggrg)erfll classCat stervefrs. A sirver :
model with infinitesimally small packets. In this class is characterized by two parameters for each session

Definition 1: A system busy periodis a maximal interval 1 it services:latency®; andallocated ratep;. Let us assume
of time during which the server is never idle that thejth busy period of sessiarstarts at time-. We denote

S . .
During a system busy period, the server is always transnffy 1Vi5(7 ?) the total service provided by the ser@to the

ting traffic. Let@,(¢) represent the amount of sessiotraffic tra{.fl'(i. of theNS?SSt'r? nt tt?]at tatrnlved dyrmgﬁth Ehd tt>usy pgr!od
queued in the server at tinte that is, until time ¢. Note that the total service offered to sessidn

this interval(r, {] may actually be more thanj(T, t) since

We assume a packet switch where a setlbfsessions

Qi(t) = A;(0,t) — W;(0, ). some traffic from a previous busy period, still queued in the
system, may be serviced as well.
A session is backlogged at tintef @Q;(¢) > 0. That is, Definition 4: Let = be the starting time of thgth busy

Definition 2: A backlogged period for session: is any period of session in serverS and+* the time at which the
period of time during which traffic belonging to that sessiotast bit of traffic arrived during theth busy period leaves
is continuously queued in the system. the server. Then, servef is an LR server if and only if

Definition 3: A sessioni busy periodis a maximal interval a nonnegative constaiit® can be found such that, at every
of time (71, 72] such that at any time € (71, 72| the accumu- instant¢ in the interval (=, 7*],

lated arrivals of sessiofisince _the beg_lnmng o_f the m_terval W{Sj(ﬁ #) > max(0, p;(t — 7 — C5)).
do not fall below the total service received during the interval o ’ ] o
at a rate of exactly;. That is, The minimum nonnegative consta@f® satisfying the above

inequality is defined as thiatencyof the server, denoted by
Ai(Tl,t)Zpi(t—Tl). @f
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Fig. 2. An example of the behavior of afiR server. 1 1 l
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The definition of LR servers involves only the two parameFig. 3. lllustration of busy periods of a session in two servers in series. The
t lat d th Il ted rate. The right-hand sid f{husy period for sessionin the first server is split into multiple busy periods in
ers, latency, an € allocated rate. e night-hand side of t{€second server. The busy period in the first servétis 31]. The packets

above equation defines an envelope to bound the minimuarving at the second server from this busy period form multiple busy periods
service offered to session during a busy period (Fig. 2). (s1.f1]. (s2. fo]. and(s3. fs] in the second server. The line with slope
Notice that the restriction imposed is that the service provid(E:-h(iFfl t starts aB; bounds all these busy periods.

to a session from the beginning of its busy period is lower )

bounded by this envelope. Thus, for a scheduling algorithm $§7Ve" with rate equal to the lowest among the allocated rates
belong to theLR class, it is only required that theverage of the servers |n_the pat_h of th_e session, an(_j latency equal
rate of service offered by the scheduler to a busy sessiéf 1€ sum of their latencies. This approach will enable us to
over every interval starting at time$ from the beginning provide bounds on delay and buffer requirements for a network

of the busy period, is at least equal to its reserved rate. TIRES€rvers by simply analyzing an equivalent singig server.
is much less restrictive than Generalized Processor Sharing )
(GPS), where thinstantaneousandwidth offered to a sessionB- Analysis of a Network ofR Servers
is bounded [18]. That is, the lower bound on the service rateThe only restrictions that we impose on the network is that
of GPS multiplexing holds for any intervét, ¢] that a session all the servers belong to théR class. We assume that a
is backlogged, whereas iiR servers the restriction holdsminimum bandwidth op; is reserved for the sessiomt every
only for intervals starting at the beginning of the busy periosode in its path. To derive tighter bounds for session delay in
Therefore, GPS multiplexing is a special case ofdhserver. a network of LR servers, we first show that the worst-case
The latency parameter, in general, depends on the scheffered service to a session in a network of ti® servers
uling algorithm used as well as the allocated rate and traffit series is the same as that in a singl®& server whose
parameters of the session being served. For a particular scHaténcy is the sum of the latencies of the two servers it replaces.
uling algorithm, several parameters such as its transmissibis result allows an arbitrary number dfR servers in the
rate on the outgoing link, number of sessions sharing the lirgath of a session to be modeled by combining their individual
and their allocated rates, may influence the latency. Howevktencies.
we will show that the maximum end-to-end delay experiencedAnalyzing two LR servers in series introduces a difficulty:
by a packet in a network of schedulers can be calculated fréfnthe first server has nonzero latency, the busy period of
only the latencies of the individual schedulers on the path session in the second server may not coincide with the
of the session and the traffic parameters of the session tbatresponding busy period in the first server. That is, a packet
generated the packet. that started a busy period in the first server may not start a
In our definition of LR servers, we made no assumptions obusy period in the second, but instead might arrive while a
whether the server is based on the fluid model or the packbtisy period is in progress at the second server. Also, since
by-packet model. The only requirement that we impose is théie actual service rate seen by sessiamthe first server can
a packet is not considered as departing the server until its last more tharp;, a single busy period in the first server may
bit has left the server. Therefore, packet departures mustresult in multiple busy periods in the second server. This is
considered as impulses. This assumption is needed to boilhgtrated in Fig. 3. We will take these effects into account in
the arrivals into the next switch in a chain of schedulers. Waur analysis of a network of R servers.
will remove this assumption later from the last server of a In the following, we will use the ternmetwork busy period
chain to provide a slightly tighter bound on the end-to-enh mean a busy period of the session being analyzed in the
session delay in a network of schedulers. In a fluid systefirst server on its path. Similarly, when we refer $ervice
we require that all schedulers operate on a fluid basis. offered by the networto sessiont during an interval of time,
In the next section, we analyze the worst-case serviae mean the amount of sessiptraffic transmitted by théast
offered to a session by a network G6fR servers. The main server on the path during the interval under consideration. We
result is that a network of servers can be analyzed as a singi# use W, ;(r,t) to denote the amount of service offered by
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the network to sessiohduring an intervalr, ¢] within its jth Case2: 71, <t < tg, 1 < k < m (within the kth busy
network busy period. Also, we will usWi{j(rl,tl) to denote period in S;). Note that, during the lastn{th) busy period
the amount of service offered by the first server during an S;, the traffic serviced byS, may include packets from
interval (71, ¢;] within its local busy period, an(Wi%j(TQ,tQ) the second network busy period. Therefore, for #thih local
the same parameter for the second server during an intervaby period inS., we consider only in the ranger,,, < ¢ <t*,
(72,t2] within its busy period. wheret* is the last instant of time when a packet from the
We first prove the following lemma to bound the servicéirst network busy period was serviced By
rovided by the network to a session during an interval within
2 networkybusy period. ° Wirlaw,t) = Wirlaw,m) + Wia(m. 1) (2.3)
Lemma 1: Consider a network of twaC'R serversS; and Byt
S, in series, with Iatencie@ﬁsl) and@Z(SZ), respectively. Ifp;

: - . _wl
is the minimum rate allocated to sessioim the network, the Wii(ar, m) =W (o, si)

service offered by the network to the traffic of tjith network and

busy period of that session during an interalt] within the Wit (1) = Wi (i, 8) = Wi (s, 1)

busy period is bounded as
Substituting in (2.3)

. St (S (S2)
Wi j(r,1) 2 max(0, pit = 7 = (0,77 + 6;7))). Wi 1(cr, 1) = Wi (aq, i) + Wi (sk, t)
(51))

v

Proof: We will prove the lemma by induction on the max(0, pi(sr, — a1 — ©
number of network busy periods. Let us denote With, /3;] + max(0, pi(t — s, — O5)))

the starting and ending times of théh network busy period (s (S2)

of session. W', («;, ) denotes the service offered by the first max(0, pi(t — cu — (6;7 + ©,7))).
servers; to the packets of thgth network busy period until  case 3:¢;, < ¢ < 7, (between busy periods ifi;). We
time ¢. Note that thejth network busy period is the same aggn write

the jth-session busy period on the first server. However, the

busy periods seen by the second ser§emay be different Wiiloa,t) = Wii(oq, 1) = Wia(t meqn). (2.4)
from these periods. Léfts;, fx] denote theith busy period of
sessior in Ss. Theank(sk,t) is the service offered by,
during its kth busy period until timet.

Let 7 denote the time at which packets from thin busy
period of sessionin S, start service irb. Similarly, lett; be Wi (o, t) =W (o, ske1)
the instant at which the last packet from thin busy period
in S5 is completely serviced by,. Then, it is easy to observe
that7, > s, andty < 7ppr. _ _ BUt, t < Thy1 < Skp1 4O, 0F spqq > =02 Therefore,

Base ;tep:Cons_,lder any timet during thg first netwqu we can rewrite (2.5) as
busy period, that isq; < ¢ < ;. When the first busy period
for session starts, there is no other traffic from that sessionin = W, 1(w1.t) > max(0, p;(t — a1 — (@551) + @552)))).
the system. As observed earlier, the first network busy period _ .
of sessionk may result in multiple busy periods in the second Inductive step:We assume that for all network busy periods
server. Let(sy, f1], (s2, fo], -, (Sm, fm] be the successive 1,---,n, the lemma is true, and thus
busy periods in the second server in which packets from the W (0t £) > max(0, pi(t — ay — (9551) + 9552))))
first network busy period were serviced.

Let #* denote the last instant of time at which a packet frod®r ., <t < 3,. We will now prove that, for then 4 1)th
the first network busy period was in service $h. We need network busy period,

to show that, for any time, <t <t 1 2
Y =t Wi nt1(ant1,t) > max(0, pi(t — a1 — (@ES )+ @ES ))))

v

Since no packet arrives at the second server between its busy
periods, the second term on the right-hand side is zero. Also,
Wi 1(on, Trg1) = Wifl(al, sp+1). Therefore, (2.4) reduces to

> max(0, pi(sk+1 — a1 — 6551))),

W1 (a1, t) > max(0, p; (t — cr — (087 + 0%y, for any1 < t < Bny1. In the simple case, the first session-
_ packet of thgn + 1)th network busy period also starts a busy
We need to consider three separate cases. for period in the second server. This case can be handled exactly

Case 1:¢ < 7. In this case, no service has occurreg in thgs in the base step. The more difficult case occurs if, when the
second server, that i8/; 1 («;,t) = 0. Also, s; < a1 +©;"",  (n 4 1)th network busy period starts, some packets of session

andm < s; + 6552). Therefore, ¢ from earlier busy periods are still backlogged in the second
server. That is, the beginning of a network busy period of
t—a; < @551) + 6552). (2.1) session: may not always coincide with the beginning of a
busy period forS,, as was the case in the base step. However,
Hence, we can write we will now show that this does not affect our analysis.

Let us assume that thath busy period ofS; is in progress
W, 1(cn, t) = max(0, p;(t — o — (@551) + 6552)))). (2.2) when the first packet from th@:. + 1)th network busy period
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arrives atS,. Assume that thenth busy period ofS; started it is easy to see that an envelope with slgpandz-intercept
at time s,,,, and the first packet from theé: + 1)th network @, is still a lower bound for the service offered to the session
busy period was serviced b, at timer. Then, at any time during a busy period based on the rgfe A formal proof of

t during the(n + 1)th network busy period this lemma can be found in [21]. Using lemmas 1 and 2, we
W, P ) can state the following main theorem.
im+1 (41, 8) = Wina(7,1) Theorem 1:Let 7 be the start of thejth network busy

=W (5m:t) = Wi (sm, 7). (2.6) period of sessioni in a network of LR servers. Ifp; is the
minimum bandwidth allocated to sessibim the network, the
ervice offered to packets of théh network busy period after
he kth node in the network is given by

Note that themth busy period currently in progress in
So may contain packets from multiple network busy period
since multiple busy periods of; may merge into a single
busy period inS,. Assume that thenth busy period ofS;
contained packets from the network busy perictds- L,
n—L+1,---,n+ 1. The total number of packets that are
served during thenth busy period of the second server until
time 7 is equal to the total number of packets that arrived s - _
during the network busy periods — L, n — L + 1,---,n, Where©®;”" is the latency of thejth server in the network
minus the packets that were serviced by the first server durit§gj session.
the interval(«,, 1, 5,,,]. Thus Thus, we have established that the worst-case behavior of a

" network of LR servers can be analyzed simply by studying the

W2, (5, 7) = Z Ay, By) = WE _ (@nr, Sm) behavior of a single equivalertR server. Note that the results

k
I/stj’\ (1,t) > max(0,p; | t — 7 — Z @§Sj))
j=1

nm Pl el so far did not make any assumptions on input traffic. Thus,
n the LR model can be used to derive upper bounds on delay

< pi(B; — o) and buffer requirements for any traffic model. We illustrate

j=neT, this in the next section by deriving upper bounds on delays

s and buffer requirements for two well-known traffic models.
-max(0, p; (S — Ctp_ — @5 1))) q

< pz(ﬁn - an—L)

- max(0, pi(5m — Ut — @Esl))) [ll. DELAY AND BACKLOG ANALYSIS

OF NETWORKS OF LR SERVERS

< pi(Bn — S + O, 2.7 _ _ _ "
<pilf sm+ 07 (2.7) In this section, we will demonstrate the utility of the model
From (2.6) and (2.7), and the definition 6fR servers, of LR servers by deriving bounds on end-to-end delays and
: R w2 buffer requirements for input traffic defined by two common
Wint1(@n1,8) = Wi (smt) = Win(sm, ) shaping schemes—token bucket and dual leaky bucket.
> max(0, p;(t — s — @ESZ))
—pi(Bn — Sm + @551))) A. Token-Bucket-Shaped Traffic
= max(0, p;(t — B, — (@551) + @Z(Sz)))) Since we have already shown that an arbitrary network of

(81) (S) LR servers can be analyzed by considering an equivalent
2 max(0, pi(t — an1 = (6;7 +6;7)). single LR server, we will study only the behavior of a session
The last inequality holds sinc8, < a,41. in a singleLR server. We will assume that the input traffic
Now, if the (n + 1)th network busy period is later split into of the session we analyze is token-bucket smoothed and the
multiple busy periods inS,, we can use the same approachllocated rate is at least equal to the average arrival rate. That
used in the base step for subsequent busy periods; ito IS, if ¢ is the session under observation, its arrivals at the input

complete the proof. O of the network during the intervdlr, ¢] satisfy the inequality
Lemma 1 asserts that the service offered to a session in a
network of two LR servers in series is no less in the worst Ai(r,t) <oi+pi(t—7) (3.8)

case than the service offered to the session by a sififle

server whose latency is equal to the sum of the latencies of thibere o; and p; denote its burstiness and average rate,
two servers it replaces. In the above proof, we assumed thespectively. We make no assumptions on the input traffic of
each server in the path of the session allocates identical ratéser sessions.

to the session. If this is not the case, we can simply use theAssume a set o¥” sessions sharing the same output link
minimumamong the allocated rates to estimate the worst-casfean LR server. First, we show that the packets of a busy

offered service. period in the server complete service no later tih after
Lemma 2: An LR server that can guarantee ratewith the busy period ends.
latency©; can also guarantee rag¢ < g; with latency®,. Lemma 3: Let (¢1,%2] be a busy period of sessiarn server

Since the slope of the bounding envelope of 1@ server &. All packets that arrived from sessianduring the busy
depends on the rate, a change in the guaranteed rategfram period will be serviced by time, + ©F, where ©¢ is the
¢. alters the busy periods of the session in the server. HoweMatency of the server.



Proof: Let us assume that the last packet of jtie busy
period completes service at timte Then, att,

Aty ta) = Wi(t, 1), (3.9)
We know from the definition of the busy period that
Ai(tl,tg) = pi(tg — tl). (310)

From the definition ofLR servers and (3.9) and (3.10),

pi(ta —t1) > pi(t —t1 — ©F) (3.11)

or equivalently
t <ty +65. (3.12)
|

The following theorem bounds the queueing delays withi&

the server:

Theorem 2:1f S is an LR server and the input traffic for

session is token-bucket-shaped, then the maximum dekgy
of any packet of sessiohin S is given by

Df <% t o7,

(2

(3.13)

Let us assume thad? is the delay obtained for a packet tha[
arrived at timet* during thejth busy period. This means that
the packet was serviced at time+ D$. Hence, the amount
of service offered to the session until tirtie+ Dy is equal to

the amount of traffic that arrived from the session until time

t*. That is, if s; is the beginning of thgth busy period

ij(s]',t* + D7) = Ai(sy, t%). (3.14)
From the definition of anC’R server,
W& (s;,t"+ D) > pi(t* + D —s;— ©F).  (3.15)

From (3.14), (3.15), and the token-bucket constraint (3.8),

have

pi(t"+Df —5; —OF) < oi+pi(t" —s;)  (3.16)

or equivalently
Df <% t o5 (3.17)
|

Note that the delay bound obtained here is independent
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Proof: We will first prove the upper bound on session
backlog. Let(s;, f;] denote thejth busy period of the server.
Let us denote withj (7,t) the service offered to the packets
of the jth busy period of sessiohin the interval(r,¢], with
T > s; andt < f; +©7. We will denote byW? (r,¢) the
total service offered to sessionduring the same interval
of time. Note thatW?(r,t) > W;(r,t), since, during the
interval (, ¢] the server may transmit packets of a previous
busy period as well.

During a system busy period, let us denote wiftthe time
at which the last packet of thgth busy period completes
service. At this point, all backlogged packets belong to busy
periods that started after timg;. Also, by lemma 3,7, <
f; + ©5. We will prove the theorem by induction over the
time intervals(r;_1, 7;].
Base step:Assume that the first sessi@enbusy period
arted at times; = 7. Since this is the first busy period
for sessioni, there are no other packets backlogged from
session at . By the definition ofLR servers, we know that
for every instantt with 7o < ¢t < 7y

W:

Z?I(T07t) = Wfl(slv t) > IH&X(O, pl(t —S1— Gf))

T

The backlog at time is defined as the total amount of traffic
hat arrived since the beginning of the system busy period
minus those packets that were serviced. Therefore,

Qz(t) = Ai(sl,t) —

From (3.18), (3.19), and the definition of &R server,

W (s1,1). (3.19)

Q7 (t) <oy + pilt — s1) — max(0, p;(t — s1 — ©7))
<o+ pi0F. (3.20)

Inductive step: We will assume that the theorem holds until
wiee end of thenth busy period. That is, at any instanK 7,,,
QF(t) < o; + p;©F. We will now prove that it holds also
during the interval(7,,, 7,,4+1]. From the definition ofr,, and
Tn+1, ONly packets from thén + 1)th busy period would be
serviced after timer,,, and by timer,; all the packets that
belong in the(n + 1)th busy period would have completed
service. In addition, no packet from tlie + 1)th busy period
has been serviced before timg. Therefore, for any instarit
with 7, <t < 7,41, We can write

an+1 (Tn, t) = an_i_l (Sn+1,t).

of whether the server is work-conserving. For the special
case when all the servers are work-conserving, we can derive ) )
similar general bounds on the maximum amount of buffering’® @mount of packets that are backlogged in the server is

that must be allocated to the session in each server to guaraf@ea! to those packets that arrived after the end ohthéousy
zero loss. period minus those packets that were serviced after tie

Theorem 3:1f S is an LR server, the following bounds PUt we know that, since, ., is the beginning of then + 1)th
hold for a sessiori serviced bys. busy period, the first packet of the busy period arrived at time

1) If Q3(¢t) is the backlog of sessiohin S at time¢, then *7+1* Therefore,

QF (1) < oy + pOF. (3.18) @V (1) S Ai(snp1,t) = Wiy (T, t)
<0i + pi(t — spt1) — max(0, pi(t — spq1 — O7))

2) The output traffic conforms to the token-bucket model s
<o+ pi@i .

with parametergo; + O p;, p;).
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Upper bound on burstiness of output traffigVe will now
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Lemma 4: The traffic process of a session after thie node

prove that the output traffic of the scheduler conforms to tlie a chain ofLR servers conforms to the token-bucket model
token-bucket model as well. It is sufficient to show that, duringith parameters

any interval (7, ¢,

Wi(r,t) < oy + piOF + pi(t — 7).

Let us denote witho9"t the burstiness of sessionat the
output of the switch. We will try to find the maximum value
for this burstiness. Let us denote with(7) the amount of

tokens that remain at time in the token bucket shaping the
incoming traffic.Q (7) is the amount of backlogged packets
in the server at time-. We assume that the input links hav
infinite capacity; therefore, at time+ it is possible that an

amount of ¢;(7)

no packet is serviced. Thus, the maximum possible backiB

k
o+ pi Z @Esj) and p;

j=1

where @ESJ') is the latency of thejth scheduler in the path

of the session.
Proof: We already proved in Theorem 3 that the output

éraffic of an LR server conforms to the token-bucket model
with parametergo; + p;©7, p;). This means that the input
packets is added to the server queue aﬁ@fﬁc at the next node conforms to the same model. Therefore,

bthekth node, the input traffic of sessianwill conform to

i i k=1 5(S5)
at time 7 is ¢;(7) + QF(7); but we already proved that thethe token bucket model with burstiness+ p; ;2 ©,7".

maximum backlog of the sessidris bounded byr; + p;©%.
Therefore,

ci(T) + Q7 (1) < 0y + O} (3.21)

The arrivalsA4;(r,t) cannot exceed the amount of tokens in
the token bucket at time plus the amount of tokens that
arrived during the intervalr, ¢], minus the amount of tokens

remaining in the bucket at time That is,
Ai(1,t) S ei(1) + pi(t — 1) — ci(t). (3.22)

We can also calculate the service offered to sessionthe
interval (7,¢] as

WE(r,t) =Qi(r) + Ay(7,t) — Qi(t)

<Qi(T) + Ai(7, 1). (3.23)
Then, from (3.22) and (3.23),
WE(r,t) SQi(r) + ci(r) + pilt — 7) — ci(t)
<(0i+ piO]) + pilt — 7). (3.24)
Therefore,
o < 0y + pOF. (3.25)

It is easy to show that this bound is tight when the outgoing
link has infinite capacity. We will assume that the server
work-conserving. Hence, if sessiolis the only active session
in the system, it will be serviced exclusively. Let us assun
that the maximum backlog for this session is reached at ti
t and that sessionis the only active session in the server

Hence, by Theorem 3, the burstiness of the output traffic of
node & will be bounded by

k
out, S;
o5 *Saﬂrpiz@g ),

=1

(3.27)

O

This is an important result that allows us to bound the
burstiness of sessiantraffic at each point in the network.
Notice that the increase in burstiness that a session may
experience in the network is proportional to the sum of the
latencies of the servers it has traversed. Therefore, even a
session with no burstiness at the input of the network may
accumulate significant burstiness in the network because of
the latency of the servers.

We can now state the following lemma that will bound the
backlog of session in each node of the network.

Lemma 5: The maximum backlo@ﬁs’“)(t) in the kth node
of a session is bounded as

k
QES"')(t) <o+ pi Z@Esj)-

i=1

Proof: Follows directly from Theorem 3 and Lemma 4.
As a result of the increased burstiness, the maximum
Racklog and therefore the maximum buffer requirements for
each node in the network are also proportional to the combined
gtency of the servers. In Lemma 5, we bounded the maximum

Racklog for session in any node of the network. This bound
dhay be seen as the maximum number of buffers needed

that time. The server will then service the backlogged packdfsthe corresponding node of the network to guarantee zero

instantaneously, resulting in an output burstiness of
o™ > oy + p;OF . (3.26)

From (3.25) and (3.26), we can conclude th@t® = o; +
piOF. O

packet loss for sessian However, this does not mean that we
can bound the maximum number of packets in the network
for sessioni by adding the backlog bounds of each switch
along the path. Such a bound does not take into account the
correlation among arrival processes at the individual nodes
and therefore can be very loose.

We can now easily extend the results obtained for oneUsing Theorem 1, we can bound the end-to-end delays of
scheduler by using Theorems 1 and 3. We first prove thkession: if the input traffic is token-bucket-shaped and the

following lemma.

average arrival rate is less than



618 IEEE/ACM TRANSACTIONS ON NETWORKING, VOL. 6, NO. 5, OCTOBER 1998

Theorem 4: The maximum delayD; of session: in a input of the server during the intervét,t] now satisfy the
network of LR servers, consisting of servers in series, is inequality

bounded as Ai(7,t) <min(o; + pi(t — 1), B;(t — 7). (3.29)
k
D; < i +Z@§sj) (3.28) We can prove the fpllowing lemma: o
pi i Lemma 6: The maximum delayD; of a session in an
LR server, where the peak rate of the source is known, is
bounded as

where @ESJ') is the latency of theith server in the network

for session. DS < <Pi _9i> <ﬁ) + o7 (3.30)
Proof: From Theorem 1, we can treat the whole network P —pi gi

as equivalent to a singléR server with latency equal to the

sum of their latencies. Hence, the result follows directly frorBy a packet that arrived at tim during the;jth busy period
Theorem 3. 5 This means that the packet was serviced at tihe- Dy .

This maximum delay IS mdepend_ent of the topology of thﬁence, the amount of service offered to the session until time
network. The bound is also much tighter than what could €. pSis equal to the amount of traffic that arrived from

obtained by analyzing each server in isolation. Note that t e session until time. If s; denotes the beginning of thith
end-to-end delay bound is a function of only two parameters: ;
. . . usy period

the burstiness of the session traffic at the source and the
latencies of the individual servers on the path of the session. ij(sj,t* + D7) = Ai(sy, t%). (3.31)
Since we assumed only that each of the servers in the netw&rrlé
belongs to theLR class, these results are more general than
the delay bounds due to Parekh and Gallager [19]. In the nexi; (s, t* + D5 ) < min(o; + p;(t* — s;), Bi(t* — s;)).

Proof: Let us assume thabs is the delay experienced

m (3.29), this becomes

section, we will show that many well-known work-conserving (3.32)
schedulers are in facR servers. Thus, our delay bound
applies to almost any network of schedulers. From the definition of theCR server

The delay bound in (3.28) shows that there are two ways to WS " s " s s

S ) : S, "+ D7) > gt + DY —s; — OF). 3.33
minimize delays and buffer requirements in a networkC& w4 D7) 2 98 + K ) ( )

servers: 1) allocate more bandwidth to a session, thus reducifrgm (3.32) and (3.33), we have
the termo; /p; or 2) useLR servers with low latencies. Since N s s
the latency is accumulated through multiple nodes, the second gi(t" + D} — ;= O7)
approach is preferred in a large network. The first approach < min(o; + pi(t" — s5), Fi(t" — 55)).  (3.34)
reduces the utilizati_on of the networl_<, thus allowing only a ~,q 1. WhenP,(t* — s;) < 0; + pi(t* — s;), we have
smaller number of simultaneous sessions to be supported than
would be possible with minimum-latency servers. Minimizing DS < <P71 - 971> (t* — s;) + os (3.35)
the latency also minimizes the buffer requirements of the ’
session at the individual servers in the network. and
Note that the latency of a server depends, in general, on

its internal parameters and the bandwidth allocation of thel’:(t" — s;) <oy +pi(t" —s;) or " —s5; <
session under consideration. In addition, the latency may also
vary with the number of active sessions and their allocationgubstituting for(t* — s;) in (3.35), we get
Such a dependence of the latency of one session on other P — g o

. Ly . . . S ’ ” ’ S
sessions indicates the poor isolation properties of the sched- Dy < <P< — p) <g—) + 67 (3.36)
uler. Likewise, in some schedulers, the latency may depend Lo ’
strongly on its internal parameters and less on the bandwidtHcase 2: When Pi(t* — s;) > o, + pi(t* — s;), we get
allocation of the session under observation. Such schedulers oy

T3

P —p;

do not allow control of the latency of a session by controlling (" = sj) > P, —pi (3.37)
its bandwidth allocation. From (3.34)
B. Dual Leaky-Bucket-Shaped Traffic (9i — pi) (t* = 8;) < 03 — gD + 6:O7 (3.28)

Since the definition of arCR server is not based on anyand by substituting fot* — s; from (3.37)
assumptions on the input traffic, it is easy to derive delay

N P —g i
bounds for traffic distributions other than tlie, p) model. Df < <P_g> <a—> + 673, (3.39)
For example, when the peak rate of the source is known, a i P/ \Gi
modified upper bound on the delay of &R server can be O

obtained. Let us denote with; the service rate allocated to A network of LR servers can be modeled as a singlR
sessioni, and letp; and P;, respectively, denote the averageerver with latency equal to the sum of the latencies. Thus,
and peak rate at the source of sessioifhe arrivals at the the following main result can be derived:
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Corollary 1: The maximum delayD; of a sessioré in a Consider any time in the interval(s;,t;]. We can write
network of LR servers, consisting of{ servers in series,
where the peak rate of the source is known, is bounded as Wi, 1) =Wii(a, 5) + Wia(s, 1)
2 pi(sj — o) + max(0, pi(t — s; — ©;))

K
D; < <£z - 9z> <2> n Z @ZSJ- (3.40) > max(0, p;(t — a1 — ©;)). 4.2)
e P 9: j=1 Now consider any timet within the busy period, but

s . . between two backlogged periods, i.€;,< ¢ < s;4;1. Since
where ©; is the latency of theith node. session; receives no service during the interval s; 1], we
can write

IV. SCHEDULERS IN THE LR CLASS Wii(ay,t) = Wii(ay,sj41). (4.3)

In this section, we will show that several well-known work-
conserving schedulers belong to the class /0% servers But
and determine their latencies. Recall that our definition of Wiilan, sjp1) = A, si1)
LR servers in the previous section is based on session-busy > pilsip1 — a1
periods. The following lemma enables determination of an = Pilsi+t T
upper bound on the latency of som&R servers based on its 2 pi(t — ). (4.4)
behavior during the session-backlogged periods. We will U$Bierefore, from (4.3) and (4.4),
this as a tool in our analysis of several well-known schedulers.

However, it should be noted that not all schedulers in the Wii(ar,t) 2 pi(t — o). (4.5)

LR class can be analyze_d using this approach. Examples mbining (4.2) and (4.5), we can conclude that, at any instant
schedulers whose latencies cannot be determined using ! !fUring the first busy periode , 1]

approach include all the Rate-Proportional Servers [23], [24] T
and a class of scheduling algorithms introduced in [25] that W, 1(ov, t) > max(0, p;(t — o1 — ©;)). (4.6)
perform traffic reshaping.

Lemma 7: Let (s;,t;] denote an interval of time during
which sessiorn: is continuously backlogged in servet. If
the service offered to the packets that arrived in the inter
(sj,t;] can be bounded at every instants; <t < t; as

Inductive step: Assume that the lemma is true for all busy
periodsl, 2, -- -, n. We will now prove that the lemma is true
J9 the (n + 1)th busy period as well.

If the system was not backlogged just before thet 1)th
busy period started, we can repeat the same proof as in the
Wi(s;,t) > max(0, pi(t — s; — ©,)) base step. However, it is possible that, when ¢het 1)th
busy period starts, the system is still backlogged with packets
thenS is anLR server with a latency less than or equaltp  from the nth or earlier busy periods. Let us assume that the

Note that the converse of this lemma is not true. That is,bécklogged period in progress when the+ 1)th busy period
finite upper bound fo®; may not exist based on the sessiostarts is themth backlogged period. This backlogged period
backlogged period, and the server may still belong todiRe started at times,,; in the general case, we can assume that
class. However, Lemma 7 can be used to determine an uppaekets from. earlier busy periods were serviced during the
bound on the latency of many well-known work-conservingacklogged periods,,, t,,]. Let 7 denote the instant at which
schedulers. Note that the lemma does not necessarily providie last packet from theth busy period was serviced. Then
us a tight bound for the parametéy,. An easy way to n
determine if the bound is tight is to present at least one W;(s,,,7) = Z Ay, B5) — Wi n—rp(@n—r, Sm)

example in which the offered service is actually equal to the j=n—L
bound. This is the approach we will take in this section to < pi(Bn — an_r) — pi(sm — n_1)
determine the latencies &R servers. _

=pi(Bn — Sm)- 4.7)

Proof of Lemma 7:We will prove the lemma by induction
on the number of busy periods. Let us use,, 5] to denote We need to show thatV; ,+1(wny1,t) > max(0, p;(t —
the kth busy period of sessionin the server. ant1 — ©;)). This is trivially satisfied for¢ < r, since

Base step:At time «;, the beginning of the first sessian- W, ,,11(cv,,4+1,t) = 0. For¢ >, we can proceed as follows:
busy period, the system becomes backlogged for the first time. W O =Wt
Let us assume that the first busy period consists of a number of imt1(nt, t) = Wilr,1)

backlogged periodss;, ¢;]. By the definition of session busy =Wi(sm,t) — Wi(sm,T)
period, the following inequality must hold at the beginning of > max(0, p;(t — s, — ©;))
the jth backlogged period: — pi(Bn — Sm)
Ao, s5) > pi(sj — o). > max(0, p;(t — Bn — ;)
Z max((), pi(t — Up41 — @7)

However, the system is empty at timge. Therefore, ) )
The last inequality follows from the fact tha&, < «,,+1 and

Alon, ;) =W 1(oa, s5). (4.1) that the service offered to a session can never be negative. If,
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after timet, the packets of thén + 1)th busy period form TABLE |

multiple backlogged periods, the proof for the base step can LATENCIES OF SEVERAL LR SERVERS

be repeated to complete the proof of the lemma. O Server [ Latency
Using the above lemma as our tool, we can analyze many Genoralized Processor Sharing

well-known servers and prove that they belong to the class of (gpg) (18, 19] 0

LR servers and derive their latencies. For lack of space, we
illustrate the derivation for only one scheduler, namely PGPS.
We refer interested readers to [21], [23] for detailed derivations Packet-level GPS (PGPS) [18, 19] Lo Lmas
of the latencies of several schedulers.

To derive the latency of PGPS (Weighted Fair Queueing),

X . . : . Lj L
we first start by showing that a GPS scheduler i€&server. Self-Clocked Fair Queueing [11] ob 4 Smax(V - 1)
Lemma 8: A GPS scheduler belongs to the cla8&® and
its latency is zero. VirtualClock [28] Lpi + Lu;u
Proof: From the definition of the GPS multiplexer, dur-
ing any interval of time that sessianhis continuously back- Deficit Round Robin [20] gsp—rw.-)
logged
WiGPS (1,t) > pi(t — 7). Weighted Round Robin [16] w
From Lemma 7,_ it is easy to conclude that a GPS scheduler IS o e based Fair Queueing [23, 24] L 4 L
an LR server with zero latency. O pi T
A PGPS (Weighted Fair Queu_eing) scheduler is the packet- Starting Potential-based L. L
level approximation of GPS multiplexing. In [18] it was proven  Fair Queueing [23, 24] o T
that, if ¥ and+ are the times that a packet finishes under
GPS and PGPS, respectively, then V is the number of sessions sharing the outgoing lidlk, the
maximum packet size of sessidn and Lax the maximum packet
r F Lax size among all the sessions.is the capacity of the outgoing link
it <t + 7— andp; The allocated rate of sessienin Weighted Round Robin and

Deficit Round Robin,F" is the frame size ang; is the amount of

wherer is the transmission rate of the Outgoing link. For the traffic in the frame ‘allocated to sessio’)_nLC is the size of the fixed
. L. : packet (cell) in Weighted Round Robin.
analysis of a network of2R servers, it is required that the
service be bounded for any time after the beginning of a busy
period. In addition, we can only consider that a packet leftlawest latency among all the servers. In addition, their latency
packet-by-packet server if all of its bits have left the servedoes not depend on the number of sessions sharing the
These requirements are necessary in order to provide accusat@e outgoing link. In a self-clocked fair queueing scheduler,
bounds for the traffic burstiness inside the network. Therefofgwever, the latency is a linear function of the maximum
just before timet” the whole packet has not yet departed theumber of sessions sharing the outgoing link. In Deficit Round
packet-by-packet server. L&t be the size of the packet. TheRobin [20], the latency depends on the frame size By
service offered to sessiarin the packet-by-packet server willthe definition of the algorithm, the frame size, in turn, is
be equal to the service offered to the same session by the Glegrmined by the granularity of the bandwidth allocation and
server until timet” minus this last packet. Note also thatthe maximum packet size of its session. That is,
since the GPS server has zero latency, the beginning of a busy v
period finds the system always empty. Therefore, Z L;<F
=1

L
r F max
Wii(rt) 2Wi; <T’t I ) —Li where L; is the maximum packet-size of sessiorThus, the
I latency in Deficit Round Robin is also a function of the number
max <O, Oi <t -7 — max) — Li>

v

of sessions that share the outgoing link. Weighted Round
Robin can be thought of as a special case of Deficit Round

> max <0,pi <t —r— Linax _ ﬁ)) Robin and its latency is again a function of the maximum
r pi number of sessions sharing the outgoing link.
Hence, we can state the following corollary:
Corollary 2: PGPS is anCR server with latency V. AN IMPROVED DELAY BOUND
I L. The latencies of£ R servers computed in the last section are
max T . . . .
- +—. based on the assumption that a packet is considered serviced
pi only when its last bit has left the server. Thus, the lateBgy
This latency can be shown to be tight. was computed such that the service offered during a session

The latencies of many well-known scheduling algorithmisusy period during an intervdlr, t], denoted byW, ;(r,t),
are summarized in Table I. It is easy to see that PGPS,always greater than or equal pg(t — 7 — ©¢). Since the
Frame-based Fair Queueing, and VirtualClock all have timeaximum difference betwee¥; ;(r,¢) andp,;(t — 7) occurs
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just before a sessiohpacket departs the system, the latency
©¢ is calculated at such points. This is necessary to be able — e Envelope valid only at
to bound the arrivals to the next server in a chain of servers; packet boundaries
since our servers are not cut-through devices, a packet can
be serviced only after its last bit has arrived. Our assumption
that the packet leaves as an impulse from the server allows|
us to model the arrival of the packet in the next server as an
impulse as well. Ai(t)
When we compute the end-to-end delay of a session, g
however, we are only interested in finding the time at which
the last bit of a packet leaves the last server. Thus, for the
last server in a chain, we can determine the latédgybased P
only on the instants of time just after a packet was serviced — Lmax g; = Lmax + Li
from the session. This results in a lower value of latency and, r B
consequently, a tighter bound on the end-to-delay in a netwasl. 4. Illustration of the two envelopes used to bound the service received
of servers than that given by (3.28). by session in a session busy period. Each step in the arrival function indicates
T apply this idea, the analysis of the nework is separat@d® packe Toe over cnueipe i 2 val over baun fr e servie o
into two steps. If the session passes throldtops, we bound when a packet leaves the system.
the service offered to the session in the fikst 1 servers
considering arbitrary instants during session-busy periods.
the last node, however, we calculate the latency based only
the points just after a packet completes service.

Envelope valid always

-~

time

dOBr'][ained for PGPS from Table | in the above expression, that
is, @Z(Sj) = L;/g; + Lyax/7, We get

This idea is best illustrated by an example in the case of the o; N-1 ; Lo
PGPS server. LetV/;(r,t) denote the service received by D; < T o +> " tN="—. (2
sessior during an intervalr, ¢] within its jth busy period in k=i,2,,N ' k=l 7t

F
the PGPS server, and I8t;;(7, ) denote the same parameteyote that this bound is tighter than the one reported by Parekh
in the corresponding GPS server. Assume that a busy per Gallager [19] for a network of PGPS servers. Since the

starts at timer and that a packet leaves the PGPS server gtancies of PGPS and VirtualClock are identical, the bound of

time tk..Then, on the corresponding GPS Server, this pac t.2) applies to VirtualClock as well; this is also tighter than
left at time ¢, — Luax/r Or later. Therefore, if we considery o ‘one presented in [17]

only such pointst;, we can write

While we have verified that this improvement bf/p; in

I the delay bound is valid for all th&R servers analyzed in
Wf,}(ﬂ ) 2> WZF, <T, e — 7—) this paper, whether this is true for alfR servers remains an
open question. We have not yet found a formal proof on its
Lmax 1 1
> p; <tk P _> validity for arbitrary LR servers.
,

This results in a latency ok,,../» as compared t0L;/p; + Effect of Propagation Delay

Luax/7) Obtained by considering all points during the session In the previous section, we assumed that the propagation

busy period. delays in the network are negligible. It is easy to verify that the
Fig. 4 shows the two envelopes based on bounding tBgalysis is still valid when the propagation delays are greater

service received by the session in two different ways. TlBan zero. When the end-to-end propagation delay is constant,

lower envelope applies to arbitrary points in the session-buiéycan easily be incorporated in the latency parameter. Thus,

period, while the upper envelope is valid only at points wheh 7; is the propagation delay between nogesnd;j + 1, the

a packet leaves the system. For computing end-to-end detigjay bound becomes

bounds in a network of servers, we can use the upper envelope k k—1

in the last server. In all the work-conserving schedulers we D; < iy Z@Z(Sj) _ L + Zpi (5.3)

have studied, the two envelopes are aparLbyp;, whereL; ) Pi

is the maximum packet-size for sessiomherefore, for these

j=1

LR servers, we can obtain an improved bound for the end- VI. RELATED WORK
to-end delay in a network by subtractig/p; from (3.28).  oyr approach in modeling the worst-case behavior of sched-
Therefore, uling algorithms with respect to an end-to-end session is
k related to the work of Cruz [2]-[6], Zhang [27], and Parekh
D; <2y Z @Z(Sﬂ _ ﬂ (5.1) and Gallager [18], [19]. Cruz [2], [3] analyzed the end-to-end
pi 4 Pi delay, buffer requirements, and internal network burstiness of

sessions in an arbitrary topology network where all sources are
Let us assume a network of PGPS servers, where rafé  token-bucket-controlled. While the objectives of our analysis
is allocated to sessiann serverk. If we substitute the latency are similar, there are three major differences between the
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Fig. 5. Difference in bounding service based on the backlogged and busy pefiods) and (¢2,t3) are two consecutive busy periods of a session.
Bounding the service during each busy period with a linear envelope results in a latefkywdiile bounding the same service during the backlogged
period (0,t3) results in a latency 0f9;.

approaches taken. First, the class of scheduling algorithaelay guarantees. Using the concept of busy period instead
we study are capable of providing bandwidth guarantees db backlogged period in this model can lead to tighter end-
individual sessions. Therefore, we can derive deterministic-end delay bounds and a larger class of schedulers that can
end-to-end delay guarantees that are independent of the f@vide these delay bounds. This is illustrated by the following
havior of other sessions. Second, we do not study individugtample.
schedulers in isolation and accumulate the session delays a& Lemma 7, we proved that, if we use the backlogged
in [2], [3], but instead model the behavior of the chain operiod to bound the service offered by a ser¥ethens is an
schedulers on the path of the session as a whole. Third, ¥W& server and its latency cannot be larger than that found for
estimate the latency parameters for the individual scheduléihe backlogged period. However, we must emphasize the fact
tightly, taking into account their internal structure. Thus, ouhat the opposite is not true. Consider the example of Fig. 5.
approach, in general, provides much tighter end-to-end delagt us assume a sessidim an LR server with allocated rate
bounds for individual sessions. p and latency®. Referring to Fig. 5, time interval®, ¢,] and
Parekh and Gallager analyzed the worst-case behavior(tf, 5] form two busy periods. However, the server remains
sessions in a network of GPS schedulers [18], [19] and deriviedcklogged during the whole intervdl , ¢3]. If the backlogged
upper bounds on end-to-end delay and internal burstinesspefiod was used to bound the service offered by the server, a
sessions. However, the analysis applies to a homogenetaisncyS, > © would result. By extending the above example
network consisting of only GPS schedulers. Our analysiser multiple busy periods, it is easy to verify th@i may
accommodates a broad range of scheduling algorithms amat even be bounded. This shows that if we were to bound
the ability to combine the schedulers in arbitrary ways in the service during a backlogged period in &R server with
network. a linear envelope, the-intercept of the envelope could be
Zhang [27] derived end-to-end delay bounds for a classuch larger, and may even be infinite. Thus, the resulting
of nonwork-conserving scheduling algorithms when traffic isnd-to-end delay bounds can be much higher, and may not
reshaped at each node of the network. This allows the delaysen be bounded. Therefore, the clas€®& servers is larger
of individual schedulers on the path to be accumulated intlaan the class of servers based on bounds derived with respect
simple manner. Our approach differs from this work in thab the backlogged period. Since the first presentation of this
we consider the broader class of work-conserving schedulersrk in [22], the notion of the busy period has been extended
in our analysis, and we do not assume any traffic reshapittgnonlinear service curves in [1], [7].
mechanisms within the network. The £LR model is also closely related to the work of Cruz
An important contribution of the theory dfR servers is the [4], where the delay behavior of a scheduler is characterized in
notion of the busy period. The bound on the service offered bgrms of itsservice burstinessThe service burstiness measure
an LR server is based on the busy period and is independ&nsimilar to the latency parameter in ti&® model and allows
of the periods of time that the server is backlogged. This I®unds on delays to be obtained for a class of scheduling algo-
a more general approach than bounding the service offer@tims from their service burstiness parameters and the traffic
by the server based on the backlogged period. An approgmrameters of the session under consideration. The model
based on the latter was proposed by Cruz [5], [6]. This modehables multiple schedulers in series to be modeled by a single
bounds the service offered to a session during one or ma@eheduler by combining the service burstiness parameters of
backlogged periods, thus providing a means to design a cléss individual schedulers, thus providing much tighter bounds
of scheduling algorithms that can provide specific end-to-ewmth end-to-end delay than those obtained by combining the
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delay bounds of individual schedulers. However, the servidde criteria used for distribution of free bandwidth among
burstiness is still defined in terms of the behavior of théhe sessions is also important. Two different methods of
scheduler during a backlogged period. Therefore, as shodistributing excess bandwidth were presented in [23] and [9].
in the previous paragraph, the resulting delay bounds may mtawever, the end-to-end delay bounds do not depend on how
be as tight as those obtained by th& model. the scheduler distributes the excess bandwidth. Indeed, in the
Hung and Kesidis [14] presented a method for computati@alculation of our worst-case bounds, we made no assumptions
of delay bounds in schedulers. Their results are restrictadout this aspect of the schedulers.
to isolated packets in a single scheduler and the extension
to arbitrary traffic distributions and networks of servers is
not straightforward. In addition, their model is based on the
virtual finishing times of packets in the scheduler, which The authors thank Prof. G. Sasaki for reading the manuscript
makes it difficult to apply the model to other scheduletarefully and suggesting numerous revisions and improve-
architectures, such as round-robin schedulers. Our approaudents. The anonymous reviewers also provided constructive
in contrast, is independent of the scheduler architecture atmmments and criticism.
applies to diverse models of session traffic and arbitrary
networks of schedulers. Another model for delay-analysis
based on a class of guaranteed-rate servers was presented in
[13]. A possible limitation of this model, however, is that [1] R. Agrawal and R. Rajan, “Performance bounds for guaranteed and
it is closely coupled with timestamp-based algorithms; the,, g“’aﬁt"gusze‘r‘ifecsélcz‘fjg'foﬁ'eRM%iogg?é;.B:\_/' ﬁgtfﬁ;rfheg%'ér]lég%
analysis of scheduling algorithms based on other architec-" isolation,” IEEE Trans. Inform. Theoryvol. 37, pp. 114-131, Jan.
tures is not straightforward. ThéR class provides a more 1901. _
natural approach for analyzing the worst-case behavior d? Trans. | /? Calcﬁl]”s for I”es“;“‘”k df;f’;{li{-l NJEtW‘){ggalnalys'leEE
rans. Inform. Theoryvol. 37, pp. , Jan. .
traffic-scheduling algorithms, independent of the schedulep] , “Service burstiness and dynamic burstiness measures: A frame-
architecture. Finally, Golestani recently presented a delay RO e e orong g adiay 1 ATM
analysis of a class of fair-queueing algorithms including Self- " networks,”J. High Speed Networksol. 2, no. 3, pp. 149-164, 1994.
Clocked Fair Queueing [12]. However, this analysis does ndf] R. L. Cruz, “Quality of service guarantees in virtual circuit switched

apply to unfair algorithms such as VirtualClock. Ri%NOIEZSEEE J. Select. Areas Commuvol. 13, pp. 1048-1056,
[7] R. L. Cruz and C. M. Okino, “Service guarantees for window flow
control,” in Proc. 34th Allerton Conf. on Communication Control and
Computing Monticello, IL, Oct. 1996, pp. 10-21.
VIl. ConcLUsIONS [8] A. Demers, S. Keshav, and S. Shenker, “Analysis and simulation of
In this paper, we presented a genera| model for analyzing a fair queueing algorithm,internetworking: Research and Experience

- : - vol. 1, no. 1, pp. 3-26, 1990.
the worst-case end-to-end delay behavior of a session ing Duffield, T. V. Lakshman, and D. Stiliadis, “On adaptive band-

network of servers, where each node in the network can’ width sharing with rate guarantees,” Rroc. IEEE INFOCOM'98 San

be characterized as a Latency-Rate server. We presented aFrancisco, CA, Apr. 1998. _
| f K f lvzi th t K d 510] S. J. Golestani, “A framing strategy for congestion managem#ésEE
general framework 1or analyZzing theése networks and pro-- ;- gelect. Areas Commuynvol. 9, pp. 1064-1077, Sept. 1991.

vided the tools for classifying scheduling algorithms 28  [11] , “A self-clocked fair queueing scheme for broadband applica-

servers. This methodology enables the delay properties of a ggnsé;gn_ IZL%C. IEEE INFOCOM '94 Toronto, ON, Canada, Apr. 1994,

scheduling algorithm to be characterized in terms of a singt®] ——  “Network delay analysis of a class of fair queueing algorithms,”
latency parameter, thus allowing end-to-end delay bounds to IEEE J. Select. Areas Commurol. 13, pp. 1057-1070, Aug. 1995.

: : : [13] P. Goyal, S. L. Lam, and H. M. Vin, “Determining end-to-end delay
be computed without detailed knowledge of the algorithm. bounds in heterogeneous networks.” Rioc. 5th Int. Workshop on

In Table I, we summarized the latencies of several sched- Network and Operating System Support for Digital Audio and Video
uling algorithms belonging to th&€R class. Based on this Durham, NH, Apr. 1995, pp. 287-298.

s . ] A. Hung and G. Kesidis, “Bandwidth scheduling for wide-area ATM
summary, It Is easy to see that schedulers such as Vlrtu%ﬂ networks using virtual finishing timesJEEE/ACM Trans. Networking

Clock and Frame-based Fair Queueing have the same delay vol. 4, pp. 49-54, Feb. 1996.
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